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OBSERVATIONS 



O N 

CONVERGING SERIES. 

/"'■■■■ V 

/' V 

i ■ 

I - I , 

: ./ 

X T having been aflerted that the method exhibited in Mr. Lorgva’s 
Differ tation on Co merging Series is not only entirely new, but much 
more general than any other which has hitherto appeared on the 
fubject ; I wilh the intelligent analyft to recollect the contents of the 
Malhemaiical Diff<rtatiens of my deceafed friend, Mr. Thomas 
S iMPSOK, wherein is pointed out, a very ready method of computing 
the fuins of a great number of fuch ferics, comprehending, at lead, 
all that can be done by the method exhibited with fo much rjlentaticn 
in the Tranjlation of Mr. Lorcna’s book. 

Mr. SiMPsos having not given a full explanation of the method 
I allude to, by a formal and diffufe application of it, in the 
fummation of particular feries, I intend to explain it farther, and to 
endeavour to (hew, that, as it is not kfs general, it is alfo not lefs 
elegant (indeed I citccm it much more fo) than Mr. Lorcna’s Loajlid 
method. 

11 r. 
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I. 



It is flicwn by Mr.' Simpsok, at page 87 of his Dijfittations 
above-mentioned, that the feries 

( Q — ) t ^ * ip')^ P* ** . d-\r>i. e+<r.(/>)x Py- >•" 

“ r + ». s+n. / + »(^+i) 

_l_ f + 2 ». d+zn. g-h2«(/>) X Px’*+” 
r-t-2». S + 2H. t + 2n{q+\) 

I a 0 / 

will be = AS-l-BS-i-CS-f DS (g-fi)i 

A being = B= iZhAz^LllIil , 

“ j-r. t-r.v-r{q) r-s. t-s.v-s(q) 

r — t. s- 1 . v—t (f ) ’ ’ 

p not greater than q ; 
r, s, t, V, &c. any unequal numbers ; 



t 

c _ 


P X" 


Iff 

P 1 P P x’"+3'* 


&c. 


0 ^ 


■ +■ 
r 


r-t-« r-l-2» ' r + 3» 


tt 


Px" , 


• «f 

p X“^” P X“+‘" P X^+I" 


&c. 


k 1 


s 


S + H J + 2H J-fS* 




s = 


Px" , 


P x"+'' 1 Px^+f 1 P X"+I" 


&c. 


r 


t + n ' t + 2fi t + 31* 



(?+0 



C?+0- 



But it is obvious, (as obferved by Mr. Simpsok, at page 147 of 
his DiJfertalionj,) that when x is = a, 

the feries S is = a"~' X x'—"—' x , 

S = a'"—‘Xf>yx‘ — "—'x, 

tu • 

S z: a^—'x fl. y x, 

(?+0 (?+ Oj 

y bcin.g 



Digitized by Coogle 



C 3 3 



, u/ ** 

y being =: P :» " + P jf"+’ + P x"^^” + P *r"+J” &c. 
and the fluents being generated whilfl x from o becomes ~ a. 
Therefore, when x is 3 : a. 



the feries Q.wiU be =4" xfl- — - — x ^^ - +— ^ +— ^(g+0 > 

x" + ' a' a' a' 

generated in the time juft now mentioned. 

The illuftration of this general theorem, and particularly the 
deducing corollaries therefrom, exhibiting comparative conclufions, 
with refpedt to Mr. Loroma's propofitioni, will be the principal 
bufinefs of the following pages. 

Nett. Mr. Simpson has remarked, that it may fometimes be of 
ufe to recolledl, that 



— ..m ^ ti y * A x' , B x‘ , Cx* f , 

Q.- a- X Jt. ~^-—X + + — r- (?+0 

X "+ ‘ « f a' 4* 



is=i:2x-^ill-+ (?+ I) - 4- X/. JL X + Jll (y+ 0 



II. 



If jr be taken = = i ± x + x* ± x’ &c. 

iq=x 

m Will be = 4, » = I, P = I, P = I, P sr I, P = * I, &c. 
and we fhall have 

Q — f (g) ± g+i- <f+i. e-M (p)X 4 f + 2. /f+2. r + 2 (p)X 4 * 
r+i. J+1./+1 r + 2. j + 2. / + 2 (} + i; 

^ r-f3.if+3. e + 3 fp)yg' 

'■ + 3- •» + 3* ^ + 3 fg+‘) 




iTx a' a' 

generated whilfl x from 0 becomes = 4. 



+ 



Cx~‘ 

4' 



(g + 0> 



A, 
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A, H, C, &c. p, q, r, s, t, &c. being as in the preceding article. 

Before I proceed to deduce the intended corollaries, it is necefliiry 
to obferve, that, when s-r, i-r,v-r, 8ec. are pofitive integers, 

l-X ''l-X* 



x’ 



= -x'-' -x*^ -x'd"' -x"+* f/- r) + 

1 -X ' ^ I - 

(7+0 (f+ 0 ; 



and 0. = Afl — ' + ' + C a — ‘ + D«— ' (y+O x G’ 



- B a'—' 



a * a* 

-f ^ 0-r) 

r+i r + 2 ^ r + 3 



-C a'-'x- 



+ 



a * 



+ — + — - (r-r) 
r+i r + 2 r + 3 '• 



— Ua'~~''x — + "I + 

r r+i r + 2 r + 3 

&c. 



(a>-r) 



the upper fign taking place (where there are double ones) in the 
feries q; 



and G being put to denote the fluent of — ^ — -- , 



generated whilft x from 0 becomes = a. 
Therefore, if a be a root of the equation, 

A a— -+B a-' +C a— '+D fl-» (q+i) = 0, 
and s — r, t — r, 'j-r, &c. pofuive integers, 
the value of the feries q, will be afligntd in algebraic terms. 
(See the final remark.) 



It follows from what Mr. Simpsos has obferved at page 77 of his 
Dijferia.’icns, that, if p be Icfs than q, A + B + C + Dfj+i) 
will be = «; and that 1 will then be a value of a in the equation 

A a 



t 
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Aa—' +B a— ' +Cfl— i) = c. Confequently, if s-r,t-r,v-r, 
&c. be even pofitivc numbers, — i will alfo be a value of a in ihat 
equation. Befidcs which values, a may (in that equation) have others, 
that maybe determined when the particular values of j - r,/ - r,v — r,&c.’ 
arc given. 

It may be obferved, that our rheorum, (which in general com- 
prehends a great deal more,) now y is taken of the particular value 

— — , comprifes all the feries in Mr. Lorgna’s work, except thofc in 

his IXth fedion ; (of which I lliall take feme notice by and by j) but, 
to make the ufc of the theorem (when y has that value) more clearly 
underftood, I fliall adapt it to the purpofe of mod of the fedions 
of that gentleman’s book •, and fubmit it to the mathematical world 
to determine, upon comparing thefe Obfervations with that author’s 
Diflertation, whether either he, or his commentator, has any great 
reafon to boaft of fuperior elegance and fimplicity. 



Corollary I. If p be =: o, and j rr i, A will be = _i_ , 



s — r 



B = : C,D,E, &e. each = e: and our theorem, adapted to 



s — r 



the purpofe of Mr. Lorgna’s fecond fedion, will be 



0 . = ± 



rs r+i.jf+l r + 2. r + 2 r+3. 5 + 3 



&c. 



Now/.— ^ x‘~ 
i-x a 



jl X ^ x^-' A— 

~s—r IT* a' a‘ 

generated whilft x from c becomes :r <r. 

C a—'—a—‘ X G' 



,being I 



when j - r is a pofitivc integer ; 



and 
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tnd a, in the equation «“■' or^J*~’’-i — s, being = i } 
the fcrics Qj when a has that value and j-r Is any fuch integer. 



will be = — X — -|-_JL_q — L_ (j — r) ; 
s-r r r+i r+2 

alfo, - I being a value of a in the fame equation (a'— i = o) , 
when s-r is an even pofitivc number; the ferics Qj when a is 
therein taken = - i, and j - r is any fuch number, will be 



_ I 



■ 1 (j - r). 

r+i r+2 r+3 



In other cafes, the value of q will be afligned by circular arcs 
and logarithms. 



Example I. With refpeft to the ferics 

t ' I L 8cc~ 

f+3"^r+i.r+4 r + a.r + 5''’r + 3.r + 6 

s-r is =3, and Q. =-i-x _L+_L_4-_L_ . 

3 r r+i r+2 

Example II. If the feries whofe fum is fought be 

— - — * ' +■ d: ■ lee. ~ o; 

r.r+z r+i.r + 3 r+a. r + 4 r+3. r + 5 

s-r will be = 2 , and .d_x_i_± ? 

2 r r+i* 



Example III. The ferics — I p . 



, ■ + — ■ * &c. f=0 

r.r+i r+i.r+a r+a. r+3 '■ ■' 

being propofed to be fummed ; 

we have s-r = i, and 

r 

If r be =4 > +— ili— &c.willbc=X, 

5 2. 7 7. iz 12. 17 2 

and 
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and confcquendjr — I 1 f 1 5 — &c. = — i— ; 

a. 7 7. 12 12. 17 2. 5 



Example IV. To find (q.) the film of the ferics 

+ &C. 

I. z 4. 5 7. 8 10. 1 1 

r mull be taken = — » j ; and we lhall have 
3 3 



0 ^= 4 ></•- 



1 -X 



= I x/. 1 - X 



T.. 



I -X 



generated whilft x from c becomes = 1 : 

O 

which fluent, by Theor. XV. of my Vth Table, is =— ; 

S denoting the fcmi-circumfcrence of the circle whole rad. is i, 

3 

and / the tangent of — . 



Example V. The fum (qj of the fcrics 1 — ! — I — 1 _ &c. 

3.5 5*8 7. II 

being required % 

T * ^ * 

we have r = ^ , j = 4. •, and q.=: jl. x - x x ^ 

i-x 

generated whilft x from 0 becomes = i. 

Now, if we fubftitute inftead of x, it will appear that 



Q_is = 6 X — 2_Z_s 6 X fl.y’ y—y'' y+2-JL-L^ 

= l2l-zy* +Log.iiL + Log. r~y* -I Log.T+jH^ 
a I —y 



+ V3 X circ.arc,rad, i, tang. 



3h' 

i+y* 
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# 4 « ^ . i I ■ — III 

- 2 Log. I Log. I 

2 

• 1 y* 

+ v/j circ. arc, racl. i, tang. ■' . - , 

2+;-* 

when is therein taken = i. 
Confequcntly, by taking y of that value, we find 
the fcrics Q. = - 1 + 2 Log. 2-4 Log. 3 



+ v^3 X circ. arc, rad. i, tang. 



^/3 



Corollary II. If « be = c and ^ = 2, A will be = , 

s-r. i-r 



B = 1 » C = .1 . * ; D, E, &c. each — e : and our 

r-j. t-i r-t. s-t 

theorem, adapted to the purpofe of Mr. Lorcna’s third fcdllon, 
will be 






± :: + :: 

rst r+i.i+i./+i r+2.J + 2./ + 2 



. See. 



i^x 



generated whilft x from 0 becomes = a ; 



* Mr. Lorgna erroncoufly m.ikes the value of Q_ncar four times as great 
as it really is : — his error arifes from his confidcring the Log. of 



1 

___ as = », when a: is = i ; whereas that expreflion is then = Log. | , 

I— 

r t 



I tl being always 

1— 









In the following part of his work he has made feme other fuch mihakes ; 
which will be pointed out in the courfc of thefe Obfervations, hit commentator 
having not correded any one of them ! 



which 
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which exprefEon,* when J-r, t-r are pofitive integers, and a I* 
a root of the equation, 

a— ^ a—' a—' 






= 0 , 



i — r.t — r r — s^t — s r-t.s-t 
will, by what is obferved above, be 



— X — H — H 0 ~ 0 “ ^ h h ■■ (^ ~ ^)* 

s-r. t-s r r+i r + z r-t.s-t r r + i r+z 



When s — r, t — r are any pofitive integers, a, in the above equation, 
will always be = i ; and, when s — r,t — r are any even pofitive numbers, 
a will alfo be = — i : befides which values, a may (in the fame 
equation) have others, that may be determined when the particular 
values of s — r, / - r arc given ; for inftance, when j — r is = i and 
t-r = 3t a (in the faid equation) will be = — { 



Example I. If the feries 



(1.=) 



■+: 



a* 



r.r+i.r + 3 r+i.r + z.r + 4 r+z.r + 3.r + 5 

be propofed to be fummed when « is = i, or « = — j ; 

s-r being = i and t-r = 3, 
we have, in the former eafe, 

q_=_Lx i._I x±+ J_ + li_=±x _3L+4_ 
2 r 6 r r+i r + z 6 r. r+i.r + z 

and, in the latter cafe, | x 



&c. 



r. r+i- r + z 



Exi:n^le II. Let the fcries .prppofed be 
I . 1 , I 



+ 



See. = Qi 



2.3.7 3* 4' 10 4,5.13 

Then will a be = i, r= 2, s = j, t = i; 



* Siippofing the upper fign to take place in the denominator i7»r. 

D and 
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and 



i - X 



=lxf. 



x — x 



X X 



I - X 



X - + * X +x 



the fluents being generated whilft x from o becomes cz i. 
Now, if we fubftitute inftcad of x, we fliall have 

Q_= 4 X fl.l j - j - -jy' y - -Li_+>’ y+y 
« 3 



= 192 + 9T-2_ _ 3^ - ’ Log. . 
2842 

1 i 
-^-X circ. arc, rad. i, tang. 3 ^ , 

2 2+> 

when y is therein taken = i. 
Confcquently, by taking y of that value, wc find 

i 

^Log. 3 X circ. arc, rad. i, tang — L , 



8 



Corollary III. Up be = 0, and ^=3, A will be = 



^3 

I 



B = 



.,C = 



,,D 



s-r.l -r.v-r 

I 



r-s.t-s.v~t' r-t.s — t.v — t r-v.s — v.t-v 

E, F, 8 cc. each = e : and our theorem, adapted to the purpofc of 



* Mr. Lorgva, in fumming the feries (Ex. VIII, fa. 47) whole value 
is j of this value of makes a miftaVc, by confidering the Log. of * 

1 —yi 

as = 0, when is = i j for that exprclTion will then be =: Log. | , 

■ ‘ being always = * 

i—j' '+y+y 

In confe^uence of tvhich millake, he makes the Aim of his feries about 
fory times as gre.U as it really is ! 

Mr. 
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Mr. Lorona's fourth fcdlion, will be 



; t ± - ^ 1 I - . .1.. 

rstv r+ I. I. / + 1. 1'+ I r + 2. s + 2. i + z. v + 2 



See. 



i^x s-r. t-r. v-r r-s. t-s. v-s r-t. i-t. v-t r-v. s~v. t-v 



generated whilfl: x from o becomes = a ; 
tvhich expreflion*, when s-r, t-r,v-r are pofitive integers, and 
j is a root of the equation 

+ HI + Hl_ + fUL- =^, 

s-r.t-r.v — r r — s.t — s.v — s r-t.s-t.v-t r—v.s — v.t — v 



will, by what is obferved above, be 

1 X — + + + 0 - r) 

r-s. t-s.v-s r r+i r + a r + 3 

a’'~‘ 






r-t.s-t.v-t r r+i r + 2 r + 3 



+ rr- + .-rr + rTrC^-O* 



r — v.s — v.t -V r ^r+i r + z r + 3 



When s-r, t-r, v-r are any pofitive integers, a, in the above 
equation, will always be = i ; and, when s-r, t-r, v-r arc 
any even pofitive numbers, a will alfo be = — i : befides which 
values, a may (in the fame equation) have others, that may be 
determined when the particular values of s-r, t-r, v — r are 
given; for inftance, when s-r is ='i, t-r = 2, v-r = 4, 
a (in the faid equation) will be= — and for another inftance, 
when s-r is =1, t-r =3, ■:» — r=4, a will be = — i. 

(Sec the final remark.) 



• Siippofiiig the upper (ign to take place in the denominator itFor. 

Example I. 
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Example I. The feries 



(«!-=): 



r+i.r + 2.r + 3.r + 5 r + 2.r + 3.r + 4T + 6 
&c. 

being [KopofeJ to be fummed when is = i, or a = - | : 
s — r being = i, t — r=.2, v-r = ^, 
we have, in the former cafe, 

0=J- x±-± x-L+_i_ + J_ xi.+_L_ + _i_+_J 

3 r 4 r r4-i 24 r r+i >+2 r + 3 






4a±9 



12 r. r-fi.r + 2. r-t3 
and, in the latter cafe, 



r 4. r 3.r+i'*' 8 r 3-r 4- 1 ^ 9.)-+ 2 27r + 3 

^l.x I . 

4 r.r+i.r+2. r + 3 



Example II. The feries propofed being 

\ . a .a' 



■+. 



. + ■ 



r.r+ r.r+3-r+4 r+ i.r+a.r + 4.r+5 r+2.r+3.r+j.r + 6 

to find its fum when a is = 1 , or «j = - 1 : we have 
j-r = i, /-r = 3, 2-r = 4; 

and accordingly 



&c.(=Q_); 



Q=d: i X JLt' 4- X — ^ t-_l_+— x_L±_i I L_±. * 



.6 



=— X 



r r+i r+a 12 r r+ 1 r + a r + 3 



2 r + 3 



— , or = — X : . 

6 r. r+ 1. r + 2.f + 3 a r. r+ 1. r + a. r + 3 

according as <j is = 1 , or = — i . 



• Mr. Loroha (at pa, 63) erroncoufly aflierts, that, when o is = — t, 
the fum cannot be exprefled algebraically, becaufe v — r, e/ — r, v — t are 
not ntn numbers ; with what reafon then, does he boail of having pointed 
out the rrxt crittrin of the polEbility of the algebraic fumtnation of a feries 1 

Example III. 
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Example III. If It be required to find the fuin (q.) of 



the feries 



+ • 



&c. 



1.2. 3. 4 2 . 3 - 5 * 7 3 - 4 - 7 *>o 

we have r=i, j = 2, / 2'=/; 



and fl. 



• « • 1 . • 1 • 

i:x*’4-4A' x - ^ x 






X + 8.V * X -g-v' 

1 —X 



V • _ _ X • 

a* ” S X ' X 4 " q ^ ^ > 



the fluents being generated whilft .v from 0 becomes = i. 
Now, if we fubftitute_y* for x, we fliall have 



r ,+ S,‘,-^yy 

I — y 

=• !_)•“ - 8 +-i 2 Z- 4. S Log. 1 4 -j'* - ^^Log.i +y +y* 



— _2_ X circ. arc, rad. t, tang. _ 3 _ 2 L, 

2 2+jr- 

when__v is therein taken = i. 

Confcqiiently, by taking y of that value, we find 

S: 

0.= 6 4- S Log. 2 - iZ. Log. 3 - A X circ. arc, rad. i, tang . 

42 v ^'3 



* In giving this Example, Mr. Lorcha, befides the error which he has 



I y Z 

repeatedly committed refpeiling the value of Log. ^ • - when y is =: i, 



commits other errors in determining the coefficients of the dnxional expreffions, 
and in affigning the fluents ; which errors render his conclufion fo abfiird as 
to give a negative quantity for the fuin of the feries whereof the terms arc 
all pcfitivc ! And his commentator, in dead of correcting the miltakcs in the 
original, makes as many (or more) in his note ! 



E 



Corollary JV. 
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Corollary IV. If p and q be each = i, A will be = 



s-r 



B = — £ — i ; C, D, &c. each = o ; and our theorem, adapted to 



s-r 



the purpofc of Mr. Lorgxa’s fifth feftion, will be 

rs r+i.i+i r + 2. s + 2 f+3'^ + 3 

I 



X fi. -j— X 



s-r iTx a' a‘ 

generated whilft x from o becomes zr a : 
which expreflion*, when a - r is a pofitive integer, and a is a root of 

the equation, £ — ^ — — o, ox a‘~' — - — £• = «, will, by what is 

a' a‘ c — r 

faid above, be 



= iZlar-> X — + — — + — (^-r). 
s-r r r+i r+2 

Example I. The feries ( o_) propofed to be fummed being 

!1±1_+ *•+4-^ +s±^i£ &c.=2 X E±T|1I±EI^ 
r.r+i r+i.r-fz r + 2.r + 3 r.r-fi r+i.r+z 

we have f = fr+i, J — r = i, i.~ L = — T — ; and it appears, that, 

c-r r-z 

if a (Icfs than i) be = owill be — — . 

r-z r ■ ' 



Example II. The feries (q_) whofe fum is required being 
k-\-z^ k-\.2, /fcq-4 i+4.jl + 6 



k — 1 



k a 



fif.-l- A+ 1 1, -^k+z 



&c. 



* SuppoCng the upper fign to take place ia the denomiaator i -t-x. 

€ is 
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t IS = k - 1, r ^ i k, s = k+i, s-r = i, LZ— =izj*' : 

c—r k-z 



confequentl}', if a (Icfs than i) be = - — ^ 



r - > Q-will be= iZi, 

« — Z 4 >t 



Example III. If theferies(0 be 

gr + 8 ^ tjr+n.a ^ a' ^ ^rJrl^.a' 

r.r + 2 r+i^ + 3 r + 2.r + 4 r + 3.r + 5 



= 3 X 



f+i 



+ 






- + 



r+J.;. a*_|_ r+i'. a' 



&c. 



r.r+2 r + i.r + 3 r + 2.r + 4 r + 3-r + 5 
f muft be confidered as = r + *, j as = r + 2 : and it follows, that. 



•r L - 

if <j be = =: ± , 

c-r * ’ 



(1. will be = 4 X — ■* 

r 2. r+ 1 



Example IV. The feries propofed being 



I 

I. 2 



. + ^ 



&C. — 



4-5 7-8 io-»‘ 

we have c =},r = |, f = f; 

-*• 
X ’x 



= Q.; 



I+X 



and Q,= X /. I +x ^ x 
generated whilft x from o becomes = i : 

S 

which fluent, by Thcor. VII. of my Vth. Table, is = _ 

S denoting the fcmi-circumfcrence of the circle whofe rad. is r, 

and s the fine of # 

3 



COKOLLAEY V. 
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Corollary V. If /> be = i and q = i, A will be = — £ - , 

s-r.t — r 

B= — >C = — - — - — ; D, E, &c. each =o: and our 

r — s.t — s r — t.s — t 

theorem, adapted to the purpofe of Mr. Lorcsa’s fixth fcdion, 
will be 

<i.= -i_ ± " + &c. 

rst r+i.r+i./+i r + 2.r + 2./ + 2 



- /7 ^ ^c-r.g-<^ x'—' , r-.r x'-« 

1 :px s-r.t-r r-s.t-s r-t.s-t ’ 

generated whilft x from o becomes = a : 
which expreflion*, w'hcn s—r, t — r are pofitivc integers, and a is 



will be = — 



equation 






c — r. a - ' 


+ — 


, c-t. a-< 


s-r.t-r 


r-J. 


t-s r-t.s-t ’ 


1 

1 


K~ 


Cl 

+• 1 

r+i r+2 r+3 


1 

1 


1 

r 


c-t. a'-' 


X-L+. 




r — t. s-t 


r 


;-+t r + 2 r + 3 



(r-r) 



Whenr-r, t-r arc anj' pofitivc integers, /?, in the above equa- ion, 
will always be = i ; and when J — r, t — r are any ev<n pofiiivc 
numbers, a will alfo be = — i ; befidcs which values, a may (in 
the fame equation) have others, that may be determined when the 
particular values of s-r, t-r arc given. 

• 

. E<r,mpl . The fcrics to be fummed beintr 

o 

^•" 2 . r— 1.^7 re' 

r.r + 2.r + 4 ■’’r+i. r+3. r + 5 '*'r+ 2.r + 4.,- + 6 ~ ^ 

• Suppofing the upper fign to take place in the denominator i:F,r, 
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when ah Tz i, or j = - i ; 
we have c = r-2, / = r+2, t — r+4; 

and (L=-— T_*_+_i.x -L ±_i- +_L_±_L_ 
r r+i 4 r r+i r+2 r+3 




= - 3 _x_L_±_l Lx_L±_L- 

4 r + 2 r + 3 4 r r+i 

^_2H+5r--r-3^ or=JLx 

r. r+ i.r+2.r + 3 2 r. r+ i. r + 2. r + 3 

according as a is = i, or —-1. 



Corollary VI. be= a and^ = 3, Awillbe= r-r.^-r 

s-r.t — r.v-r 

B =: - t — s.d—s. Q _ c — t. d—t c — v.d—v 

i" — s.t — s.v — s* r — l.s~t,v — t ' ~ r — v.s — v.t — v ' 

each = 0 ; and our theorem, adapted to the purix>fc of 
Mr. Lorcka’s eighth fcdlion, will be 

^ ^ ^ f + 1. <f+ 1. a c+ 2 . </+ 2 . a* 

rstv r + 1. j+ J./+ 1.V4- 1 r + 2. j + 2. / + 2.^; + 2 




iTJt 



^ c-rJ~r.a-'x'-' ^ c-!.d-s.a ‘x'-' c-t d-t.a-'x'-' 
s-r.t-r.v-r r-s.t-s. v-s^r-t. s~t.v~t^ 



c-v.d-v, a-*'**-* 
r-v. s-v. l-v 



9 



generated whilft x from 0 becomes = a: 

which expreflion*, when j — r, / — r, o — r are politive integers, and a 
is a root of the equation 

d— r. a ~*' ^ c — ,f. d — s. r — d—t,a-‘ c — v. d—v. a’® ^ 

i —T.t — r.v—r r — i.t — s.v^s r—Ui—i.v—t r~v.s — v,t — v * 



* SiippoGng the upper fign to take place in the denominator i^:xt 

F • will 
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e-s. d-s. a'—' ^ 


1 




|. 


a‘ 




(r-r) 


r-i. t-s.v-s 


r 


r+I 




r + z 


•• + 3 


c-t. ti-t. a'—' ^ 


1 




1 


a' 


. 


(t-r) 


r -t. s - t.v - 1 


r 


^r+i 




r + z 


^'•+3 


c -v.d—v.a'—'’ ^ 


1 




1 


J* 




(v-r). 


\ 

• 

1 

0 

1 


r 






r + z 


r + 3 



When s — r, t — r, v — r are any pofitive integers, a, in the above 
equation, will always be = i ; and, when J — r, t — r, v — r arc any 
tven pofuive numbers, a will alfo be - i : belides which values, 
a may (in the fame equation) have others, that may be determined 
when the particular values of j - r, / - r, w - r are given. 



Example. Let the fcriei propofed be 
. r* 



rTD- 



&c. = 0 , 



r.r+i.r+2.r+3 r+ i.r + z. r + 3.r + 4 >' + a.r+3.r+4. r + 5 
Then a being — i, c — d— r-\, j = r+ i, t — r-\-i, st = r + 3J 
we have 



q,= _il X J. - JJ X -L+ _L, + Jtl X i.+ _L_ +_L_ 

2 r 2 r r+ 1 2.3 r r+i r + 2 

= J- X + 

6 r. r+ 1. r+a 



III. 



With regard to Mr. Lorgna’s ninth fetflion, I have to obferv’c, 
that the method of computation therein purfued may be derived 
from Mr. Simpson’s propofition at page 115 of his Dijfertations. 
Of which well - known method, neither Mr. Bernoulli nor 
Mr. Euler can be fuppofed to have been ignorant i but we may 
fuppofe, that, with refpeft to the fummation of the feries 

1 ± &c. (=«0, when i is an odd number, that 

i ^ A 

method 



* 
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method was not found to fupply the defefts of their theorems 
according to their wifhes, the obvious way of expreffing the value 
of Q_ by the area of a tranfeendent hyperbola, and afterwards 
computing that area by the differential method *, being not at all 
fatisfadory. 

The defidcrata refpedfing the fummation of fuch ferics, when k 
is an odd number, I conceive, arc theorems like thofe which 
were firft given by Mr. John Berkoulli for finding the value of 

by means of circular arcs, when k is an even number ; or 
theorems for finding the values of o_, in the former cafes, by 
means of the arcs of any of the conic flitons. 

In the cafes wherein Mr. Johu Bernoulli’s theorems fail, and 
indeed in all cafes whatever, the following theorem (derived from 
one at page 129 of my Luculraticns, and agreeing with that at 
page 678 of Mr. Maclaurin’s Fluxions') enables us to compute 
the value of <1,, to any degree of accuracy, with much lefs trouble 
than it can be computed by the tedious method injudicioufly 
adopted by Mr. Lorgma, and unjuftly extolled by his commen- 
tator : a method which even cannot be applied at all in computing 
the value of q_ when is a fraction ; whereas the fubfequent 
theorem is applicable let k be what it will. 

As to the afligning the values of when Mr. John Bernoulli’s 
theorems can be applied, they furely are, beyond all comparifon, 
preferable, at lead in point of elegance, to all others hitherto 
inveftigated. 



* The ordinatei being computed by repeated operationi, by the fame means 
as the areat, it ii a troablcfomc bulineis to obtain, by that method, a concluiion 
fuRiciently eaafi, 

THEOREM. 
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THEOREM. 



— ^-,T + ^ += J=-^ — O is 



kA^ z' — 1. k.k+i.k + z. Ad' 



z.k-i.da^-' 2tf‘+‘ 



2.3. 4tf*+i 



_ 2’ - + i./t + 2,it + 3.t + 4.A(/’ , 

2. 3. 4. 5. 6 <J ‘+5 



Abeing=-^ = -^, 



A 



A 

&c. 



- =- — 
z.s 2 ^ 30 ’ 

-X_±a-—'—a = — 

— 2. 7 2 2. 3. 4 42 ’ 

2 La 7*^ X L_7iL-5_1 a _ _1 

“2.9 "2”^ ~ 2. 3. 4 2. 3.4. 5. 6 ^ 30’ 

_ 9 10 ' 10.9.8 » 10.9.8.7. 6 « 10.9.8.765.4"' 5 

~2.11 2 2.3.4 2.3.4. 5. 6'^” 2.3.4.5.6,7.8'‘^~ 66 » 

&c. 



Example, To compute the fum of the feries 

• 1 + -L. +_!_ + J_ &c. = a.: 

2> 3 4’ 

find the fum of the terms at the beginning of the feries as far as 
_i cxclufivcly ; then compute the fubfequent terms by the 

«+ L 

2 

above theorem, d being therein taken = — and ^ = 3. T hus. 



• A new improvement, relative to the fubjed of this particular example, 
mny be feen at the end of my Vth. Memoii. 

adding 
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adding the firft ten tenns together, we find their ruin=i.i97 198 56 &c. 
and, taking a =r the fum of the rcll of the terms is 





See. Of which feries, only 



/eur terms (into the faftor — —— ) being taken, and their value 

(.0045249174 &c.) added to the fum of the ten initial terms 
before found, we obtain 1 202056^03 &c. for the value of o., 
true to MM places of decimals. The fame initial terms with 
terms of Mr. De Moivre’s feries give the fame rcfult : which 

is much more accurate than the refult of Mr. Lorgna’s compu- 
tation of the fum of the fame feries, his value of q. being true only to 
three places of decimals. Yet, to magnify the comparative merit 
of his newly adopted method of computation, De Moivre’s feries 
and others, into which our feries o. may be tranfmuted, are, by 
Mr. Clarke, decried as ufelefs ! 



IV. 

It is well known that the fum of the feries 

eJ e (p) e+i.d+t.e+i (p)^x ^ e+i..d+2.e+2(p)xx^ ^^ 
rst(q+iyr+i.s+i.t+i(_q+t)r-\-2.s + z.t+z(q+i) 

will be infinite when x is = i, if p be not lefs than qi of which 
Mr. Stirling was well aware, when he made the remark whereto 
Mr. Clarke refers in his Preface; which remark relates only to 
feries whofe terms are all pofitive, as appears plainly by the examples 
afterwards given. 

Mr. Simpson, in his Lemma referred to in Mr. Clarke’s Prefaccy 
docs not fay, that the greateft exponent of the indeterminate quantity 
in the numerator muft be at leaft two degrees lower than the greateft 
exponent of the fame quantity in the denominator, that the feries 

G may 
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Hiay be fummable ; - w hen the fum of a feries will be finite or 
infinite is not confidercd in that place •, the writer’s buCncfs, there, 
being to rcfolve a compound *frailion into as many fimple ones as 
there are faftors in its denominator •, and, that his method may 
fucceed, it is neceflary (as he obferwes) that the number of faflors 
in the numerator be /(/i than the number of fadtors in the deno- 
minator, but not lefs by two, as Mr. Clarke feems to underftand 
the pailbge. 

When, in our feries x is = - t, the value of fuch feries, it 
is well-known, will be finite, even when ^ is = I wonder 
therefore, that Mr. Lorgna and his commentator have, in fo many 
infiances, mifunderfiood riic pafiages they allude to, refpefting the 
impoffibiiity of obtaining the Aims of certain feries j which, 
they would infinuatc, arc fummable only by means of their 
Forniulx ! — Do they not, through their zeal for magnif)'ing 
the importance of their favourite method, by fuch infinuation, under- 
rate the performances of others ? — And do they not, through the 
fame zeal, rather over-rate that method in faying, “ that nothing 
“ more can now be expedlcd or wifhed for in the Dodtrine of 
“ Scries ; being brought to its greateft perfe^ion" ? — Perfedtion, 
in a dodlfine lb extenfive, arife from a method fo narrow* and 
embarrafled ! — Surely tlieir vaunts are vain! — And fo indeed they 
would have lieeii, even if tlieir boafied method had not been 



* The feries fummable by the method alluded to may, perhaps not improperly, 
be faid to be only of cut claft (in no refped untra^able) ; the fluxions, whole 
fluents are in general requifite in their fummation, being all of the common 

form and when the fummation in algebraic terms U poffible, thelaoie 

fluent may be conceived to be drawn into a number of fuch terms whofe fum is 
~ a.— TTie embarraflhient of the method it evident, from itt failing to fnggeft 
the true criteritm of tb» aigabraic fuounation ia all poffible cafes. 

evidently 
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evidently lei j'perfed than that which i» exhibited aboVc 1 —Tof'-. 
though the theorem which I fliall prefeotly add is much more 
comprehcnfive than that in Art. II. which is Ihewn to comprchcB<r 
the principal part of Mr. Lorgna’s work; yet certainly much more 
is ftill requifite to bring the Doftrine of Scries to its greateft 
perfection, and render it as compleat a» may be expeCled or 
wiflied. 



THEOREM. 



tiefp) xP c+i.d-^i.e-i-i(p)xVa. e + 

rsi(,q+i) r+ I. j+ 1./+ i(j+ i)^r+X 7 + 177 +" 2 (fHny’”^ 



f=o i. 

X a' a’ a' 
generated whllA x from o becomes s Oi 
— A a—' ■) 

q. r,r+i. r + 1 (s-r) x B<f— * 



it + r+i./fc + r+a.it + r + 3 (j-r) x 
r. r+i,r + 2 (/ — r) X C«~‘ 
it+r+i./t+r+z.A+r+3 0-r) x 3'— ’• 



r X G 



r.r+ r. r+% (r-r) x B. i ^^ k + r-^i, ia 

k + r + i.k+r+zJt+r+i(s-r}>Ti7f~' r KT+t 



r. r+i. r + 2 



1 



r. r+i. r + z (/-r) X 

■*+r+i.*+r+2wt + r+3(/-r)x/.4)'~’’ r r.r+i 

, ^+r+ i.i+f + 2 . . 

+ L (r-r) 

nr+i.r +2 

(?) 

A, B, C| 
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A, B, C, &c. being as in Art. I. 

_ ,/T jt— I ir k — I k — I 

P= i,P = -i/^,P=*.— 3 -, P = i.— — — &C. 

and G=fl. x x'’~‘ x, 

generated whilft x from o becomes = a. 

Wherfee it appears, that, when s-r, t-r,v-r. See. are any pofuive 
integers, and <i is a root of the equation 
A a-' 4. (j-r)xBfe ' 



_^ r.r+i(t-r )y Cb‘-^a- >. ^ ^ ^ 

^ + r+ I. /t + r + 2 (r-r) ^+r-f 1. i + r + 2 (/ -r) ' 



the value of the feries o_will be affigned in algebraic terms, though 
the value of G' may not be aflignable in fuch terms. 

(See the final remark.) 



Example. If ^ be == i, k = r-i, p 0, q •= 1, and J = r+ 1 ; 
A will be — i,Ba>— i;C, D, &c. each e : and the lad equation 

becomes a — ' — = o\ where <j is = — . 

2 2 

It appears therefore, that, when a is = -L. , the film of the feries 

—2. _a “ 

_J-_- /- +L- »• &CC. 

r.r+i r+i.r+2 2.r+2.r+3 2.3.r+3.r+4 I'r 

The general theorem here given, is derived from that in Art. I, 
and the fecond in my Vllth Table : by which means fome other 
theorems may likewife be deduced. 

Corollary I. IF (p being — 0,) ; be _ 2 r, / = 3 r, » = 4 r (y)i 

A will be = 1 , B--0A, C _ 21 ILL A, 

1.2.3 (j)xrt 2 

D = - g- . ?--J - g7 jA (q+l)i 

*•3 

and 
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i 



and the fcries Q_= 



I. 2.3 (j) xai’^ri 
generated whilH x from 0 becomes 



X /. a'-x"- X y xr—'x. 



letj P + Px + Px* + Px^ &c.) be what it may : 
which agrees with Mr. Simpson’s fecand corollary ^ at page 148 of his 
book fo often mentioned. 



Example. 
then 0, (= 

will be 



Let y be — «-ai* , r = i, j — t, r = j, &c. 

— — — r X the whole fluent of a~x]*^xx ^ 

I. 2. 3(^) y 

— ■■■■ , kt i and q be what they will* 

X ^+f+i 



Corollary II. If (p being -■ •) / be = f+i» t = r+2. 



'+ 3 t (?)J A will be 



, B •» - y A, 



» • 3 (?) 

^ ^ A, D—- 2 li — A, (y+i)i and the feries 
a 2.3 



1-2.3 (?) 

generated whilfl x from 0 becomes ai 0. 



Example. Le»> be 
1 



i.-x 

a 



! riwn ) 



r, r + r. r + 2(y + 1 ) "^r+KP+a. r+3 (y+,) r‘+a.f+3. r+4(2 + i)*'^‘ 

x’"'* X 0-xlr 



v“ X j». . 

i***3?) 



i-x 



gneriMd' wkilft x ftom- • tveemes » 1i^' 
H 



will be' 
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will be 






2 a- 



r r+ 1 



2.3a’ r r+i r + 2 

+ fl — f-f. .*A G .. , 



a— I 



r. r+i.r + 2 . (.7) x q r.r+ i.r+ 2 ( 7 - i)y.q.q- i 



+ 



r. r+ I. r + 2 (7 - 2) x q.q- i,q-z 
+ a“f— ^ a — . AG; 






(?) 



G being = j?. 



l —X 



generated whilft x from 0 becomes =» a. 



FINAL REMARK. 

When q is greater than 2, the algebraic fummation of the feries o. 
may be jwflible in (Jther cafes befidcs thofe pointed out above : — 
Sot fuch fummation will be effefted, if s — r, t~r, v — r. See. be 
not all pofitivc integers •, provided each of the quantities s, t, v, &c. 
exceeds fome one or more of the quantities r, S, f, v, See. by fome pofi- 
tivc integer ; and provided a value of a be the fame in each equation 
arifing upon putting each fum of the co-efficients of each different 
fluent (not affignable in algebraic terms) = 0 ; as many as pollible of 
the fluents of the fluxions 1 - ^ xV x x'~ *x, i x x'->x, 

I - X x®~'x, &c. being found by comparifon with fome one of 
thofe fluents ; and as many other as pofliblc of the reft of thofe fluents 
being found by the like comparifon with fome other of thofe fluents, &c. 

And this holds true, as well with refpeft to the theorem in Art. IV. 
^ and i being of any valuw whatever j as to the tlieorem in Art. IL 
in which ^ is = i, and k — -t% 



A 
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A fingle inftancp, after what has been done, will, I prefume, fuffici- 
ently explain my meaning. 

The feries — I 1 f j ^ > 

n t V r+i, j + i. / + + + 

is above found = y7. * x | Bx'— « — ; 



I -X 



a'> 



generated whilft x from o becomes = a : 



where A is == ^ R— * r-_ 

... ~ ■ ■ ■> — • 



-,D=. 



s-r.t-r.v-r r-s.t-s.v-s r-t.s-t.v-t’ r-v. s-v. t-v ’ 

Pnt t! • i-. a , ' 

l-x r ^ r + 1 r + z^ ' • 



+ 2 
~ 



and /?. = G — a' ^ h 1 tv — t'i- 

•' i-x “ t r+i /+2^^ 

P ^ ^ . 

G and G being the refpcdllvc fluents of and ^ - 

i-x i-> 

generated in the time juft now mentioned. 



Therefore <i.will be = A. + A x G +-£- + — x G 

a' a' a' a'' 



r r+i r +2 



-D<»'~*'x— H — - — 1 — - — (v-t) : 
t /+2 

confcquently, if +_L be = e, and ^ +-2. = and only 
a' a-* a* dy ^ 

s-r, v-t be pofitive integers; the value of the feries o.will be 

exprefled in algebraic terms. 

Now, that thofe two may be true equations, a muft be 



-B 

A 



— Dj" ' . t — r.v — r\^—' r — t.s — t] 

= ;thatis,a = - = 

C 1 ^ — s, v — j _ r — v,s—vl 



Let 
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fxt rbc = fe, / = A + = , V = b+ ^ ; and k will ap- 

2 z 

pear by fubftitution, that the fcrics 

bi-\-i,zh- i.zh-iri b-\-i.b + z.zb-\-iab-^ h + z.b-\-‘^.zb-{-i.zb-\-j^^’^ 
(=<)»=-><■ 



^ ■+. ‘ 



, J. x-L=lx__J__. 

zb - i ' zb 1 3 b 3 b. zb - i^zb+r 



Here again Mr. Lorcna’s pretended indubitable mark, or true criterion, 
fills 1— For, were we to judge by that, wc Ihould conclude, that the 
fum of this fcrics cannot poffibly be exprefled algebraically; ® — r, 
v-s, v-t being not all iwfitivc integers !— And many other inftances 
of its fallibility might be given. 

Having made thefc oblervatlons, I cannot but think, that the com* 
mentator would have Ihewn not lefs judgment, if, inlleadof applauding 
fo axtravagantly the faulty work which he undertook to explain, he had 
corrected the errors in it, and fupplied its defers. A work, where- 
of more than thirty pages arc filled with embarraffed inveftigations of 
ill-expreffed, particular Formula j without exhibiting any general 
theorem, like our Simpfenian one at page 3 ; though boafts of pcrfpicu- 
ity, and indeed of every excellence, arc not wanting! Surely Mr. Clarke 
has made this country a very poor compliment, in foppofing, that fuch 
a work, with his frivolous and tedious notes thereon, could be accept- 
able to the Britifli mathematicians 1 



THE END. 

> 



B R R A T A* 



’’ JW aOj^C A P. S, I. 6, fir theorum, read theerem. 

>. V j and 1. 
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M r. Clarke having attempted to defend his ’Tranjlation of Mr. 

Lorgna’s Treattfe on Series againft my animadverfions thereon, 
I think it expedient to exercife my pen again on that fubjedf, to fhew 
how futile the defender’s remarks are; which, whatever he may pre- 
tend, are manifeftly diftated by pique and chagrin, and exprefled in a 
manner ferving only to dtbafe argument to cavil. 

The purpofe of my writing is chiefly to vindicate the reputation 
of a deceafed friend, whofe valuable work is unjuftly depreciated, that 
it may ferve, in comparifon, to fet off one of much Icfs value, pub- 
lilhed under a fpecious Title, and with a boafful Preface ; promifing 
to exhibit a method entirely new and much more general than any 
other which had before appeared on the fubjeft, whilft the contents 
of the book are very far from anfwering the expcAation fuch title 
and preface are calculated to raife ; and I truft, that the expofing 
fuch difingenuity, and bellowing applaufe where due, will not be 
deemed difcommendable by the public in a writer whofe own works 
are not brought into the comparifon. 

In my Obfervatiens on Mr. Clarke’s Tranjlation, I have only adapt- 
ed Mr. Simpson’s Theorem to the purpofe of moll of the fc«flions in 

B Mr. 
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Mr. Lorcna’s book : fubmitting it to the Mathematical world to de- 
termine, upon comparing thofc Obfervatious with the contents of his 
book, whether either he or his commentator, has any great reafon 
to boaft of fuperior elegance and fimplicity. But the commentator, 
not fatisfied with fuch appeal, urges me (by his Supplement) to ftato 
the matter in difpute more fully. I am ready to do fo \ and to abide 
by the confequent, impartial decifion of the public. 

I do not fay that Mr. Simpson’s method is the fame as Mr. Lorgna’s; 
but I contend that it is more perfpicuous and elegant than his, and 
not lefs (if not more) general. 

The whole bufinefs of Mr. Lorgna’s work (excepting his gth fcc- 
tion) is to folve one fingle problem, (not very remarkable for its diffi- 
culty,) and to give fome examples by way of illuftrating the folution: 
which problem is, to find the fum of the ferics. 



a + b.e-\-eib) ^ a + 2».e + 2c(A)xx ^ aJf%b^-\-%e(^b) xx* 
p-{-q.m + n.r-^i{k) p-^zq.tn-\-2n.r+%s(^k) p + iqM + ^u.r y{k) 



ie{h) 

—q n 1 (4) 



X 



"+i.L+i(£,) 
b e 

t+i.- + x.I+i(iO 

q n s 



l+2.1 + 2(i>) X X 

i — i &c. 

£ + 2.?-t-2.-l + 2(*) 

q M t 



Now, though he has written a great deal on the fubjeft, he has, 
after all, only confidered b and * of fome particular values ; and, con- 
fequently, has only folved fome particular cafes of the problem, with- 
out giving a general folution ! 

The fame problem, Mr. Simpson in his Dijfertatitns has folved 
generally in a few pages ! 

There is indeed a little difference in the manner of writing the 
feries; but that makes no difference as to the generality of the folution, 
as will plainly appear prcfcntly. 

Mr. Simpson’s ferics (pa. 78), taking therein » = i and writing x 

for z 
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for % is ± ^+1.^+1 (i>) X a r ^ ^ + 2.3 + 2. {V) xx* 

Pg>'{^) p+i>q+i-r+i(k) p + 2.7 + 2.r + 2 (*) 

which being multiplied by a certain faflor (whofe value is obvious,) after 

writingf + i,L+ i,8cc. inftead of j, b, &c.and-^+ 1, — + 1,— + i, &c. 
be q n s 

inftead of p, q, r, &c. refpedtively, the produdt will be the fame as 

Mr. Lorgna’s feries. 

Therefore Mr. Clarke’s remark (pa 49. of his fupplement) refpeift:- 
ing the generality of a feries, from its having two charafters when 
me would be fufficient, is extremely futile ! — And, whatever he may 
think, I believe it will be allowed by competent judges of the fubjeft, 
that the making ufe of many charadfers unneceflarily is perplexing 
and inelegant; and, inftead of conducing to perfpicuity, often oc- 
caiions embarraftinent. Of the truth of this obfervation, Mr. Lorgka’s 
procefs is perhaps an inftance : wherein 




&c. 



(at-d—, — i — , 

^ p+q P-^H 




I 




» 




> &c. 



/ » 

( or 1 

V. w+» 



— ^_s &c. } arc unneceflarily made ufe of inftead of i-s 
m + 2» ' p 



_I_> &c. andl) » 8cc. And, what is aftonifhing ! the fupplement 

p+i q ?+* 

writer is ignorant, or inconfiderate enough to aflert (pa. 48. 49.) that 
thefe Ample expreflions, with only one charaftcr in each, are not fo 
comprehenfive as thofe other, with two charafters in each ! as ifp, 

o, &c. would not exprefs as much as 7’—’ or£-+i,”+i, &c. 

‘ q n q n 

Such an aflTertion furely would even difgrace a novice ! 

Mr. Clarke’s other remark relating to the generality of Mr, 

L ,* 

Lorgna’s method, when y is taken = x r x i inftead of 



X, 
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is equally futile ! — For if he changes his ground by fubftitu- 

iT* * 

tion, f pa. 47. of his fupplement) why may not I likewife change my 
ground, and be allowed to make a fimilar fubftitution in the Theorem 
at pa. 3 of my Obferrations ? And were I to do fo, the refult of that 
Theorem would certainly be much more general than his at pa. 48. 
of his fupplement. — Indeed I have made a fubftitution for y, at. pa, 
23. of my Obfirvalions, fo nearly fimilar to the above, that, by only 
altering a charafter or two, his conclufion (and many others) may be 
direftly obtained from what I have there done of which he, very 
probably, availed himfelf, by difguifing my Theorem and applying 
it (pa. 8.) to his own purpofe ; for it will fcarcely be believed, that he 
adtually found his Formula by induftion. 

Mr. Simpson, in folving the problem before mentioned, does not 
confider how the propofed Scries may arife by taking fluents and 
fluxions, as Mr. Lorgna has done ; but he refolvcs the Series which 
is to be fummed into as many other Series (each having a Ample de- 
nominator and being fummable by a known Theorem) as there are 
fadtors in each denominator ; and by fuch means he finds (in his 4th 
propofition) 

ab(b) ^ a + ii.b-\-» (h") ^ <i + 2a.^+ 2« (i&) 

pqr{k) p+«.j + n.r + 



+ B X 

+ C 



X ‘ 


± 


± R, 


p 


+ 


p + 2 it p + 3 n 


1 






!7 


q + a 


q + zu q + 2 ” 


I 


-t- 




X — 

r 


r + » 


r + 2/t r + 3 » 



&c, (ii) 
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A j zf-'z B „ zi—^z 

— — X y?. 1 X 7?. 

zt iTz’ zr iTz* 



. C - z'-'z 
4 xfl. 

2T ITZ" 



b being Icfs than k 

a-p.h-p{b'' j g _ a-q.b-q^b') ^ ^ 



(i) 

a — r.b — r(b) 



q-p.r-p{K- i)' p-q,r-qi^k-i) =p-r.q-r {k- i} 
&c. ( k ). 

Thus eafily, in four or five pages, docs Mr. Simpson obtain a general 
folution to the problem ; about which Mr. Lorcna has written a 
Trearife, w'ithout exhibiting any thing equally comprehenfive ! 

p — m q — p f — p o. 

But to adapt fuch folution to the cafes wherein » > > 

are unequal whole numbers, Mr. Simpson proceeds farther, and, de- 
noting the fluent of ^ by S, finds his propofcd Series in that cafe, 

I 

(confidering all its (igns as affirmative). 



ZP 



Z 1 



S'" 




2-1 4- lit 


. . . . 


m 




m + 2 a 


/>-» V 


Z" 


Z"+‘ 


2 —hi« 


Z’t—* /(, 


m 


~ m + n 


~»w4-2« 





Z"+“" 



, C „ z” Z”' 

q X S — — — 

z'' m »»+» i» + 2« 



, Z''~* /r - WN 
r-» V n ) 



8cc. i^k ) 

where, when n is equal to, or greater than py (fuppofed the leafl of 
the quantities/), r, &c.) m mud be =p*. 

In 



* Mr. Clarke in hii note pa, 45, of his fupplement fays that when ^ ”. 

It It 

&c. happen to be fraftional or negative numbers ; that is, \(f — », y — », &c. bea or 
negative, S is no longer but is of different values in the theorem, vie, 

&c. and he thinks this is a neceffary remark, though Mr. 

i—zi ' I— X" ' 

Simpson has omitted it. But here Mr. Clarke is miftaken ; his remark is unne- 

B ceffary 
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In other cafes, m may be taken at pleafure j fo that the Icaft 
p — mq — m r—m 

of the quantities — — &c. be =: e or a pofitive integer; 
and the reil of thofe quantities all integers. 

T- , . . A 2" , zH-" fp~nt\ 

If m be taken rr p, the expreflion 

ilh, and the theorem become fomewhat more concife. 

The triterion for the algebraic fummation is obvious. For tf 

ABC 

— + — I — (i) be =: tf, the value of the fum of the ferics will, it is 
xfxi z' 

plain, be purely algebraical: which by the Cor. to Mr. Simpsok’s Ltm, 

(pa. 76 of his Differt.') will always be the cafe when, A being = 2 or 
a greater number, the differences q-p,r-p, s-p, &c. are any in- 
tegers and 2 is =; I ; alfo when thofe differences are all even numbers 
and z is - I. 

Moreover it is evident that there are other cafes in which the value 

A B C 

of the feries may be purely algebraical, as the expreflion 1 1-_ 

zf zf z' t 

(i) may be = tf when z has other values (befides i and — i ), that 
may be determined when the particular values of, p, r, &c. arc 
given. 

Thus at once we difeover, by Mr. Simpson’s procefs, more than 
Mr. Lorgna after many operations, has difeovered refpe^ting the 
algebraic fummation of the feries propofed ! 

A remark of the like import with the final one in my Objervations 

may 



eeffarjr. For when f (the leaft of the qaantitiei p, j, r, fcc.) li = «» and 

9 9 

See. are whole numbers, as they are fuppofed to be in the cafe confidered by Mr. 
Simpson ; none of the quantities j, r, &c. can be lefs than ». 
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may be made refpeding the value of S : and from thenee it will be 
evident that the algebraic fummation of the propofed ferics may be 

poffible though izf , &c. be not all whole numbers ; provided 

each of the quantities i-j — j &c. exceeds fome one or more of the 

quantities-^, !L, &c. by fome pofitive integer ; and the number of 

n n n 

factors in the denominator of each term of the feries be greater than 3. 

It is manifeft therefore, that by Mr. Simpson’s 4th propofition 
(which is a particular cafe of his 5th) all Mr. Lorona’s ferics (ex- 
cept thofe in his 9th fedt.) may be fummed with great facility i — and 
to that propofition I might have referred in my Obfervations, inftead 
of referring to the 5th, had I not intended to give a more general 
theorem than that which is propofed to be invelligated in that 4th 
propofition. 

Mr. Clarke (pa. 43. of his fuppl.) talks of my putting Mr. 
Simpson’s theorems to the rack, in order to extort a fecret from them 
which they do not contain : but it is evident that, without any torture, 
thofe theorems impart fuch a fecret as Mr. Clarke may blufh 
to find divulged ! 

Having taken a view of Mr. Simpson’s method of proceeding, and 
obferved the rcfult of it, in the folution of the problem under con. 
fidcration ; let us now take fome farther notice of w hat Mr. Lorgna 
has done refpefting a folution of the fame problem. His method is 
very different from Mr. Simpson’s. 

He obferves, that 

•* 

f ZZ — fl . 1S= ± 1 * &c. 

J IT# + /+3J 
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■JI.F ir-'’~r-i-'x=. 



H=2 fl.G ■ 
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p + q.m + n p + 2 q.m-\-zH 

X's+t x^=<+* 



+ &c. 



4-&C. 



s' p+qM + n.r+s p + zq.m + in.r+zs 

tec'. &c. &c. 

which are obvious and well known equations •, and the confequence of 
repeating the operation, by which they are obtained, is alfo obvious 
and well known. 

He likewife obferves, that 

B = J. «ux. of F .. is = ttifil. St 

• P + q P + 2q 



+ &c. 



C _ ^ B X— ± C±zb^>^ 
p + q.m+n p + zq.m + zn 

&c. &c. 8tc. 

And moreover, that 

„ 1 .. • a+b.c+e.x‘-' . a + zbc + ze.x^'+^ - 

fS = L flux, of C e ■" IS = — * -i- — , ■ — c.. 

• p-|-y.w + « p + zq.m + zn 

a+b.c + e.)T'’^ ju a + zb.e + ze.x'-’+* 



E = -/Dx'='-‘-'x = 



p + q.m+n.r + s p + zq.m + zn.r+zs 
&c. 



&c. 



&c. &c. 

All which equations are equally obvious and well known. 

He then proceeds to find the values of the expreflions G, H, &c. 

C, D, &c. E, F, &c. by fucceflfive operations, by the help of the well 

known equation zfl.y x-fi.yzx—jLzJl.yx, which 

he premifes as a Lemma : the value of F being confidered as known j 
which, it may be obferved, is what Mr. Simpson confiders as known. 

Thus 



_ » T - * /I .Vr'f y 

G = 1 being = —A x'-'—f i-’xJi.-—, 

7iq ITX 



he 
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btf, by dividing the laft expreiEon into two, by help of his Lemma, 
finds 



G = 






J. 






\^X 



tiqxmin—p:q nqxt»:n—piq 

The value of G being fo found, he, by means thereof, in like manner, 
finds the value of H, &c. 

Alfo, by taking the fluxions, the value of B is found from the ex- 
preflion 4 - flux, of F ^ (which denotes its value) ; and the 



value of C is then found by the help of his Lemma. 



Likewife, by taking the fluxions, the value of D is found from the 
expreflion— flux, of Ce sf' and, by help of his Lemma, the 

X 

the value of E is then found. &c. 

In which fucceflive operations, fo many troublcfome fubftirutions 
are requifite, and the embarraflTment, arifing therefrom, fo irkfome, 
that we need not wonder, former writers have not purfued the 
method to any great length, nor that Mr. Lorgna has left the folu- 
tion of the problem incomplete. Surely no analyft of judgment 
would purfuc thar method j after having fccnMr. Simpson’s. 

The formulae which Mr. Lorgna deduces as above are, from the 
perplexity of the procefs, moft of them ill exprefled ; and none of 
them properly adapted- for finding the complete tritoicn of algebraic 
fummation, which it is vainly pretended he has pointed out ! Nor arc 
they better adapted for finding, by indudlion,' a general theorem 
like Mr. Simpson’s : for after all Mr. Lorgna has done, though he 
has a of hirlabours-, he has not difeovered any fuch theo- 
rem! nor does it appear (fee pa, iia.) that he had any notion of a 
general thercom being attainable by induclion. — Indeed if he had fo 
difeovered fuch theorem, it would not, as Mr. Clarke himfelf ac- 

D know- 
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Icnowlcdgfs, pa. 209. have been fo fatisfadlory as Mr. SIMPSO^’s, 
which refults from a pure algebraic inveftigation. 

Is it notthen a I'ain loafi to talk (fee Mr. Clarke’s Preface) of hav- 
ing brought the doiftrine of feries to its greateft perfeftion ? — Mr. 
Clarke himfelf proves, that it is a mere puffJ — witnefs the additions 
in his Suppl.ment i for which, undoubtedly, he will be thought to be 
femcivhat indebled to wy ebferuatiens. 

It is obfervable, that, with refpedt to feries having but two fadtors ‘ 
in each denominator of their terms, Mr. Lorgna has given us the 
algebraic fummaticn in certain cafes when x is lefs than i : why he did 
not do lb, where the denominators conlift of more than two fadtors, is 
perhaps pretty plain ; the talk, becoming more difficult, required a 
method of proceeding more general than his. The Simpfonian method 
enables us to find all the values of x, under which fuch fummation 
is poffible. 

The aukwardnefs of Mr. Lorgna’s formulas pa. 62.63. ** fuch, that, 
from thence he has crroneoully inferred, that, if the ligns in the feries 
there conlidercd be alternately + and — , the fummation cannot be ex- 
hibited algebraically, unlefs f — A,? — L» and — - — beevennum- 

u q u s u n 

bers : which inference is proved to be falfe at pa. 1 2. of my Obferva- 

tknt ; the algebraic fummation being poffible when, only — — £. 

n q' 

J--L being even numbers,i! + !f is= 
us q n s u 

Equally aukward, or more fo, is his formula pa. 96. 97. for the 
fum of the feries. 

a + b.c + e.)f'-‘+' 

p+q.m + it.r + s p + zq.m + 2n.) -r 2.S 
from which he has deduced fuch inferences refpedilng the algebraic 

fummation 
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fummauon thereof, as plainly evince, that he was comphtcly ly 

the conclufions he has inferred. agreeingLly .ith 

" + _ e + 4^ 

p-tq.r+s p + ^q.r+zs p + sq.r + p fT^^.r+Js 

f+^ _ a + 2 b _ 

p + 2qm-\-2it P+3qrn + gn 



&c. 



and 



&c. 



• n r ?t-3?«+3« /.+4?.«+:^; 

indtad of the fcries propofed : and the examples he has given arc 

equally nugatory !-So that he has not given one exampfc of the 
algebratc fufnmation of the Scries. 

«+/’.f + e a + 2/AC + 2e oA-^huJ^ 



. 4“ 



&c. 



p + 9.« + ».r + 5 ;> + 2y.« + 2„r + 2X • 

Such .,c.hcconfc,uc„ccs of Mr. Lo.okV, c„,barn.®J method! 
And what „ n,u mote extraordinary, the nugatory conelufrons jull 
now advened to are mentioned by Mr. Cck. fpa. 5. of hit Suppl., 
inflance. that Mr. Loroua was not ignorant of the aigcbraic fum- 
™t, on depending on the different combinations of the fluentials in 
hts general formul.l-adding, that his not partieulariaing the cafe, 
of fuch fummatton tn fome of hi, other theorem, can, afwortt. 
called only an tnadvenent omillion. A p„„y excufe Indeed, after 
h„ falling where he attempred to particularise fuch cafe, ; , 

boalling of what be had done, with refp.ft to pointing out thi rrfrt^" 
of fuch fummation, as a very material improvement in the dof^r- t 
Will It be believed, that if Mr. LoHott* , who, it feem, did ■' ' 
at brevffy) had well underllood the ptohlem, he would have Ii:” 
^e principal pan. of it, blutionf And can it be fup,K,fed that Tf 

^liedTdeM," ” l-o 



In 



conftant ratio) to one of ^0^1!'^! (or in a 
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In my f ftudying to avoid an unnecefTary increafe in the 

length of the pamphlet,) I omitted taking particular notice of Mr. 
Lorgka’s yth SttlioUf thinking I fliould fufliciently explain the ufc of 
Mr. Simpsom’s theorem without adverting to that fedlion. However, 
to fatisfy Mr. Clarke, who (pa. 52. of his Suppl.) feems to wonder 
at the omiflion, I will take this opportunity of Ihewing fome regard 
to that negledted feftion : to the purpofc of which, the theorem at 
pa. 3. of my Gbfervaiions will be adapted if /> and q be each = 2 j A 



being then = T 



c — s.d — s ^ c — t.d—t 

■ y C 

r-sj — s r-t.s-t 



D,E,&c. cach=e; 



and Q^= _i£.± e+ i.i+ i.a cJr^.d+^.a* ^ &c. 

r^t r+i.j+i.r+i ^r+2j + 2./ + 2 r + 3.J+3*^ + 3 



=/.— X 

1 TX s — r.t — r.a 



c — r.d — r.x~' ■ 

+ 



^.d — s.x" 



c-td-tjc‘-' 



r^s.t — s.a’ r — — 

generated whilft x from o becomes = a: 

o 

which expreflion*' when s-r, /-r arc pofitivc integers, and <2 is a root 
of the equation 



e — r.d — r.a—' c — s.d—s,a- 

+ 



s — r.t — r 
will (if finite) be 

c — fd 



r — sJ — s 



tM- 
r — hs — t 



s — r.t — s 

e — t,d~t ^ 
+ a’- 



- a X — d* 



1- (^-r), 

r+i r+z' 



X — p q, (f-r)- 

r r+i ^ r + 2 ‘ ' 



t — r.s — t 

If j— r, t — r be both even numbers the value of Qj(which is infi- 
nite when a is = i) cannot be expreffed algebraical^ when a is 






But 



* SuppoGng the upper fign to take place in the denominator 
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But the value of Qj>»y be fo exprefled when 4 is = — r, If, 
s — r,t — r being both odd numbers, A be = 4 > 
or t -T being even and s-r edd, B be = J ; 
or / - r being edd and t-r even, C be = 4 » 

Example I. The feries propofed being 



4-7 



5 - 



6. 15 



1.2.3 3*4 



- 2lI9_^&c. = Qi 

4.5 4- 5-6 ^ 



we have r=4, d=l, r=i, s=z, /=i, 4=- i, 
4 

and Q^= 11 . 

4 

Example II. If the feries whofc fum is fought be 
6-7 _ 7-” ^ 8- 15 _ ?il9 



&c. = Qj^ 



*• 4*7 5*8 3- 6.9 4. ,7.10 

fwillbe = 6,rf= t,r — x, s = — a = -i, 

4 

and Q = Hi * 

^ 360 

Example. III. If the feries propofed be 

7-9 _ 8. 13 9. 17 lo- 21 

1.4.6 2. 5.7 3. 6.8 4.7.9 



&c. = 0.; 



we have f= 7, //= 2, r = t, r = 4, / = 6, 4 = - r, 

and Qj= i^. 

120 

Thus, by Mr. Simpsom’s theorem, are feries found with two faftors 
in each numerator and three in each denominator, the (igns being aU 
ternatcly -f- and — , whofc fums are cxprcfBWe alrebraicaHy. Which 
fort of feries Mr. Lorgxa in vain attempted to find by his iD^exprelTed 
theorem pa. 96. 97)^Mr. Clarke Hkewlfe has been puzzling bimfclf in 
vain about the fame bufinefs at pa. 5. of his Supplement ; where his par- 
ticular cafes (even as he himfelf acknowledges) all relate to feries with 
only one factor in each numerator and two faSors in each denominator, 
inflead of relating to the feries under conlideration ! Had 1 confidcr- 

E cd. 
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f 

cd, in my Objervations, the fcries here confidered, probably we might 
not have found his remarks (in his Suppkmeitt) on particular cafes of 
that feries fo egregioufly infignificant as they now are. 

His remarks at pa. 6. and 7. of his Supplement (on particular cafes, 
about which he has been farther puzzling himfelf) are not lefs ihallow 
and infignificant than thofe juft now adverted to. For in the cafe he 



mentions art.2. pa. 6. — and — being refpedfively equal to — and 
be s u 



his propofed ferie: 



i2 bu c e 



41 -1- /T Mi _L i 



a+zi. c + 2e 



becomes ^ ± &c. and R is = o ; of which he 

p+q.m + H p + zq.m + zn 

feems not to have been aware ! The like may be faid of art. 3, where 
(in the cafe he falls into) Q„is = o ! And, by what he fays at art. 4. 
pa. 7. his want of a clear underftanding of the cafes he undertakes to 
explain is farther betrayed ; the fum being not infinite (as he con- 
cludes it is) when, r being = J, x is = i : nor is it requifite that x be 
>= S (as he imagines) when it has that value ! See Ex. 3. towards the 
end of this Appendix. 

Another inftance perhaps of his being puzzled is his repeating at pa. 
9. a theorem inferred at pa. 8. For No. 273 is no other than No. 272, 
with b +4^4-1 wrote therein inftead of h! 

Truly may it be faid, we fcldom find a writer fo little (killed in the 
fubjedf he treats of, as our author and commentator appear to have 
been with refpeft to the clafs of fcries whofe fummation they have 
attempted ! ! 

Mr. Clarke’s argument, that the theorems in my Obferiations can- 
not pollibly be deduced from what Mr. Simpson has done, without 
adopting the fame principles, or method of prccupiure, as laid down 
in Mr. Lorgna’s Treatife, is as frivolous and trifling as his other 
arguments are. The inveftigation of the general thereom, with 
which we arc furniflicd by Mr. Simpson, is the primary bufinefs in 

the 
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the folution of the problem under confideration : the adapting that 
theorem to particular cafes, fo as to difeover the critaion of algebraic 
fiimmation, and to exprefs the fum algebraically when it can be fo 
exprefled, is a more eafy fecondary bufinefs, which may be perform? 
cd by divifion, or the comparilbn of fluents. Mr. Lorgna’s method, 

after finding the general formula in terms ofj?. ^ &c. is to 

■“'ir • 

obtain therefrom another expreflion in terms of the form ft. — — 

from whence the fum fought is found in algebraic terms when i—x* 
is divifible by itx ; but this method does not point out the complete 
criterion for all the cafes wherein the algebraic fummation Is poflible^ 

as the method which I have purfued does. I bring all the terms in 

• • 

which fl. ^ ^ — -t See, are concerned into algebraic terms and 
1:T:x ItX 

terms of jl. and I get rid of thislaft mentioned fluent by mak- 

ingthe fum of the terms vanifh into which it is multiplied. Which me- 

thods of getting rid of fl. &c. arc clearly very different; though 

iqpx 

the algebraic terms afterwards retained are the fame when the cafes 
are the fame. The agreement of the condufions deduced by the two 
methods, in certain cafes, does not prove that the methods of deduc- 
ing them are fimilar. However this fecondary bufinefs of transform- 
ing the general theorem fo as to difeover the criterion above mentioned 
is alfo performed by Mr, Simpson, in a peculiar manner, in his 4th 
propofition i fo that nothing remains to be done in that propofition to 
adapt it to the purpofc of finding fuch criterion by any method of 
procedure fimilar to Mr. Lorgna’s. And in the very fame manner 
I might have deduced my theorems (alluded to by Mr. Clarke) 
from what Mr. Simpson has done in his 5th propofition, had I chofe 
to have, done fo. Whence it follows, that I could have deduced thofc 

theorems 



Digitized by Google 



[ ] 

theorems without adopting the fame principles, or method of pro- 
cedure, as laid down in Mr. Lorgsa’s Treatife; unlefs it be admitted 
that his principles arc the fame as Mr. Simpsom’s, which I think Mr. 
Clarke will hardly admit. What then becomes his firA objection? 
He mutt either confefs, that it is gjoundlefs, or that Mr. Lorgka (in 
the bulinefs under confidcration) has followed Mr. Simpson in his 
method of procedure ! The weaknefs of his aflertion is farther re- 
markable ! for, if he had proved, that I have adtually adopted Mr. 
Lorqna’s principles, or method of procedure ; it would not have 
followed, that 1 cannot poffiUy do the bufinefs otherwife. 

I am really at a lofs to know what Mr. Clarke means by hisfccond 
objection in his fuppleinent. Whatever he might think before my 
0 !>fervatieus were puhlilhed, I cannot conceive, that he now means to 
affert, that the criterion alluded to extends to all the cafes wherein an 
algebraic fummation is poffible, with refpeft to fuch feries as Mr. 
Lorcna has coniidered. If he would have it underftood that his 
author has only in part coniidered the cafes of fuch fummation ; that 
is, when there is no given relation fuppofed between the factors, as 
what is faid at pa. 51. feems to import; I admit that Mr. Lorcna 
has done no more. That narrow condderation is the very occadon of 
my objedling to what he calls the indubitable mark, or true criterion of 
die poffibility of an algebraic fummation : which, as he fays not 
a word of any defedt in it, but (on the contrary) fpeaks of it (pa. 23) 
as a method of dnding with certainty whether fuch feries be fumrai- 
ble algebraically or not,* we may realbnably fuppofe he conddered as 
quite perfedt, and as affording the only rules neceffary for difeovering 
the cafes in which the dims of any feries, of the clafs which he treats 
of, may be expreffed algebraically ; whereas there arc innumerable 

cafes 



“ Aid a method it pointed out how to dillinguilh with certainty whether the 
*' givea feries of this order be fimmuble or not,” Sec the Pr^nett 
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cafes (as interefting as thofe pointed out by his rules) in which the 
fums of fuch ferics may be fo exprefled, that will not be difeovered by 
that imperfect mark. Of fuch cafes I have already given fomc in- 
ftances : and more extenfive rules, for difeovering when an algebraic 
fummation is attainable, are given towards the end of this yippeiidix ; 
whereby it appears that his rules arc only particular cafes of others 
much more general, which are deduced as corollaries from what Mr. 
Simpson has done. 

I fee no reafon to conclude, that Mr. LoRoNAknew more of the I'ub- 
jeift than he has taught us. If he had known more, would not his 
giving only fuch imperfedt rules, for difeovering when an algebraic 
fummation is pofllblc, have been inexcufable ; after obferving, that he 
looked upon a rule of that kind as of the greatefl: utility in abftraCted 
mathematics f 

Of the numerous errors which I might have remarked in his treatife, 
I have (in my Obfervatient) only adverted to three ;(fee pa.8,io,andi j) 
which are all of one kind, and are fuch as I confidcr as errors of judg- 
ment, (that might, if not correfted, miflead the reader) not as trifling 
inaccuracies, or negligcncies, as the fupplcment-writcr calls them. For, 
whatever he and his author may new know rcfpedling the general value 

of 1.1^; it is not to be doubted (after fo many proofs) that, as they 
had, in the cafe where y « i, repeatedly confidcred the Log. of \JZ2l 

I — jf* 

as the Log. of i, and therefore = o; if fuch expreflion had again 
and again occurred, they W'ould again and again have commit- 
ted the fame error : which, probably, to this time, would 

have remained uncorrofled by them, if it had not been pointed 
out to them. The confcquences of which, as far as Mr. Lorgna’s 
conclufions are afiefted by it, are noticed by me, with the fame 

F ftrift 
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ftrift regard to veracity as is obferved in the writing down every 
other article in the pamphlet. 

There are a few other articles, in Mr. Clarke’s Supplement, of 
which I muft take fome notice. He calls upon me (furely not very 
pertinently) at pa. 52. to give the reafon why I have not, in my Ob- 
fervatiens, fummed one finglc feries algebraically by my theorems, 
when the number of faftors in the numerators is only one lefs than the 
number of thofe in the denominators, the figns being alternately + 
and — , and x = — i 1 Will he be candid enough to acknowledge 
his inadvertance, when he is told, that feries of that fort arc fummed 
in Ex. I. and 2. of the 4th Cor. of the work alluded to ? Where, by 

taking r—i, in Ex. i. we have j — Z i_ &c. = i ; 

1.2 2.3 3.4 4.5 

and by taking ^=3, in Ex. 2. 4- 1 — &c. = _L. 

3*5 5-7 7*9 9 “ 

What could induce the fupplcmcnt-writcr to alk (pa. 53.) “ what 
** Author befides Mr. Lorgka hath ever Ihewn m general manner 
“ the impoffibility of the fummation of the feries 

« 4. I fi- i) 

p qr(k) p+ i .f + i.r+i (k) 

feeing that Mr. Lorgna, fo far from having (hewn in i general manner 
the impoffibility of the fummation of that feries, has not even Ihewn the 
impoffibility of the fummation thereof in any manner when k is greater 
than 2? Indeed at pa. 100 he fays “ it might be ealily demonftrated, if 
“ neceflary, that thefe feries having three faftors in the denominators 
" (that is when the greateft power of the index z in the numerator 
“ is but one degree lower than the greateft power of the fame quanti- 
*• ty in the denominator) cannot poffibly be fummed when the figns 
“ arc pofitivc ; the general expreffion for the fum in that cafe involv- 
“ ing a quantity abfolutely infinite.” But is this to be called demon- 
ftration i The general expreffion for the fum does then, it is true, in> 

volvc 
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▼olve an infinite quantity, and the fum is infinite ; but this does not 
immediately appear from Mr. Lorgna’s formula. Nor has he done 
any thing refpeiling the proof of impoflibility when k is greater than 
3 ! For any thing that appears in his book, the coefficient of the 
infinite quantity might, in certain cafes, be = o ; and confcquently, 
that quantity vaniffiing, the remainder of the expreffion for the fum 
might be finite. 

From the confideration of Mr. Simpson’s procefs, it appears, that 
(Aq-B + CCi^) the coefficient of the infinite part of the expreffion 
for the fum will always be = i, when k~b is=:i ; and confequcntly, 
the fum will then be infinite. 

Inadvertence furely cannot account for a qudlion fo little to the 
purjiofe ! 

Another quellion, not lefs unaccountable nor more to the purpofe, 
than the preceding, the Supplement- writer has alfo called upon me 
to anfwer 1 He alks, who, befides his favourite author, hath ever 
fliewn in a general manner the conditions or neceflary relation of the 
fadors for the algebraic fummatlon of the feries 

a h(k-t) _ a-i i.h+ t.(k- i) a + z.h + i.fk- i ) _ 
pqr(k) p-i-i.q+i.r-^i(k) p-^z.q-\-z.r + i(k) 

/ + 3-? + i-'-+3(*) 

though (unfortunately) it does not appear, that Mr. Lorgna has given 
vay general theorem refpeAing the fummation of this feries ! 

But from Mr. Simpson’s theorem, we have the expreffion for 

the fum, let the fadtors be what they may ; and their neceflary rela- 
tion, that the fnmmation may be algebraic, is fliewn by the equation 
arifing upon confidering the coefficient of S as = o, z" being 
taken = — i. 

The following remarkable corollaries (relative to the matter in quef- 
tjoo) are deducible from Mr. Simpson’s faid theorem, and the con- 
fideration 
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ficleratlon of his T.mma (pa. y6 ) : nnd, as neither Mr. Lorgna, nor 
Mr. Clarke, has given us the like theorems, I prefumc they may 
not be unacceptable to the intelligent reader : who will find, that they 
exhibit ver>' comprehenfive rules for difeovering the cafes of algebraic 
fummation ; and give the expreflion for the fum of the ferics, when 
it appears by thofe rules, that fuch fummation is poffible. 

Cor. I. When the differences f i) are all evtn 
numbers, 

_‘>b(k-i) a-f. I ^-1- t(i_ i) a + 2.J + 2(i- i) 

M Ml t? Ill “ » II III 

PPP{b) p+i.;.+ i.p+i(*) /)+2.p + z./> + 2(*J 

will be 3s fl. , generated whilft z from o becomes = i, 

I +z 

A r t . t t . 

P p + i p + 2 i> + 3 ^ 



« 1 ^ 

' '‘f /> + 1 p + a “/> + 3^^ 

(i-0 

i, . a-p.h-p(k-i) ]!_a~p.i~p (i~ t) 

A being = Ti III » II nr II > 

p-p.p-p(t-i) P-P‘p~p(i-J) 



Ilf 

A 



a~p.b~p{k-i^ /^v 

E= III It Ml " ■ — j ^ ^ 

P-P.p-P(^-I) 

whence it is evident that the value of <u in fuch cafe, cannot be cx- 
preffed algcbraicallf. 

But, m being Icfs than k-i, if the differences p-p,p-p,p- p>(w) 
be evtn numbers, and the reft of the like differences be odd numbers, 



Qjyill be=2A+ aA+ 2A(m+i) - ix /. 
generated whilft z from o becomes =i. 



zP — 'z 

• 

I +z 



-A 



/ 
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- A X i^Cp-pJ 

p p+l p +2 p +3 ^ 

><< II 1 J III 

” A x_ — — ■■-{• — ' I . Ip—p') 

(m) 

If I , i I (”+2j ' 

^ P P+i p+l p+ 3 ^ 

JTL rr">“T”> r i-’+iJ 

( i-m- 1 ). 

I II Ml 

Confequently, if A + A+A (« + i) be = i j 
or, which comes to the fame thing, 

(»+*J (•++ 

A + A + A — — i)bes:4-f 

the value of a will be exprefled algebraically ; - whereof I have already 
given examples (pa. 13). 

Cor. II. If, b being left than i-i, the differences p -p, p"-p, 

p -p, (ot) be integers, and the reft of the like differences be integers, 
or fraGions whofe differences are integers ; and 

t It III 

A + A+A (flf+ 1) be =0^ 
or, which comes to the fame things 

f»+»^ (•+■$) ^«+4^ 

A + A + A (A— as— i) bez: o ; 



the fummation will be algebnuaxlt 

a+i.i.+ i{b ) . « + 2. ^ + a(i.) 

It til * It ' ' rTi" ^ T ^ II ... ' - ' 



H III II III • M III — 

PPPi.^) P + I.p-M.p+I (^ P + ».p + 2.p+2 (|tJ 

t • t *i 1 " 1~ I II 

being then = - A x i+ 

p p+i p+z ^ 



&c. 



Ml I , , ill — 

- A X i. + _i-+-i_ (p-p) 
P p+i p + a'^ 
(m) 

G 
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-Ax 



if'x 



(m^i) (m^i) 

P P +t 



(•+1) 

P +2 



(("'-k-iJ i"-HA 

U -P / 



— ; — pnr 

\ p p J 



1“^^) (•^^1 

P />+*/> +2 

{k-m- 1 ) : 

A bring = /->;„*->■ (» ,1= ^%l 4- ( ll. , 

p-p.p-p(k-l) p^p^p-p(k-l) 

W tti 

_a-pb-p(h) ,,, 

lit II HI > I ^ /• 

If III 

Cor. hi. If, i& being lefs than k—i, the differences p—p, p—py 

IT 

p—p, (m) be even numbers, and the reft of the like differences be any 
numbers, whole or fradlional, whofe differences are all even numbers; 
and 

I If III 

A + A + A (m+ be = o i 
or, which comes to the fame thing, 

fm+lj fin+tJ 

A + A 4 - A (i6-m- i) be = o; 
the fummatlon will likewife be algti/reueal, . 

^ el b f f> ) a+ib+i.th) , a-\-z.b + 2(h) 

II III II Ml ■*' II Ml 

PPP(^) />+l-|»+ I- />+!(*; p + 2./>4-a. ^ + 2 .f*y 

" 1 I i 7" \ 

beingthcn= -Ax + ) 

p />+! P + 2 ' '' 



- &C. 



Ill , 

- A X i- 



P+I p + 2 

(» ) 



fH-?; 

-Ax 



P P +* 



+ 



('■H-v 

P +2 



r"+»A 

AP - P 



-A 
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• p p +1 p +^ 

(k-m-i ) : 

A, A, A, &c. being as in the preceding corollary. 

Example I. If, r and t being integers, aj+rbe = 2J + /; the 
feriea 

■' ± ^ + 

q, q + r. St j-i-t q-{- 1 . q-\-r + 1. S + 1. s + i 



will be = 
+ 



q + 2 .q-^-r + z.s + i.S+t + 2 
I 



± &c. 



_^L±_L. + _l_±-i_(r) 

r.q-s.s-q-r q 5+1 ? + * f + 3 



1 i±J_ + J_±J_ 

t.s-q.s — q — r^S J+i •» + * J + 3 



CO 



but, with refpedl to the lower of the double figns, the theorem only 
holds true when r and / are both even numbers.— See Obfervat, pa, 
12. and 28. 

Eximple II. If, rand / being integers, s-q x j+/-jbe=«-^ 

a+t 



X 2S+1-2 q-r; the feries 

a . 



will be 



j-^+r./.j + Z j + 1. j+f-i- 1* r + 1* ^ +/+ 1 

i±l ±&c. 

5 + 2.} + r + 2. J+ 2 . J + / + 2 

izi-r xi±— + -L.±-J!_(r) 

r.s-q-r.s + i-q-r q q+t q + 2 7 + 3 



a~s-t I . I 

: . X— ± — 

t.q — s- t,q +t - s-t s 



+ ± — ^ — ( t ).* 

j + i r + 2 J + 3 



but, with refpedl to the lower of the double figns, the theorem only 
holds true when r and / are both even numbers. 

The fame may be found from Cor. i. of my 0 'ft.rvat. by taking 
the difference of two fuch feries as are therein confidered. 

It 
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It is obfcrvable that, if t be = r, and a be (=* 4. x j-j-r+j) equal 
to half the fum of the greateft and kaft fadtors in the denominator of 
the firft term, the expreflion for the fum of the feries becomes 



= — X — ± 

zr qs y+i.j+l 



q-\- Z.S + Z 
Exanrpk III. If, r and t being int^ers. 



? + 3 -' + 3 






a+l^~zq—r x S — q x — jbc=<» — ^ X b — q x zj + t— zq — r i 

the feries 

ah ^ a+ 1 . h+i 

j. j + r. j. 



a ^ * h z 



will be 



j + 2. q+r + z. s + z. s + t + z 
a — q — r.b — q — r 



± &c. 



X - ± + — 1- ±_1_ (r) 

r.s-q-r.s+t -q-r -q q+i q + z y + 3 '' ' 

a~s~t.b-s-t T~~ i i ; 

t.q~s-t.q-^r —3 — t ^ r^j+i J + 2^j + 3 (*)• 



but, with rcfpcdl to the lower of the double figns, the theorem only 
holds true when r and / are both even numbers. 

It may be obferved, that, whenever the fum of the feries in the 
firft example can be expreffed algebraically* as in that example; the 
fum of the feries in this example may be fo expreffed, in the terms 
here exhibited, if be (= a »»2J+r) equal to. the fum of 
the greateft and leaft faftors in the denominator of the firft term of the 
feries. Which is the nroft remarkable, but not the only, cafe to 
which this theorem extends. 

By taking 4 , f=.a, J = i, /-i, and each + .j j wo 
find the fum of the feries 

2f’ + I )* 



, 

+ 1 . 2» - I . ail + j ir+i.ii + a.2ii+i,2/) + 5 ' 

2 »+ 7 ' ‘ 



A + a. A4-3. lii-t-^. aii + 7 
izb* +r 



&c. 



= 4 X 



b, zb— I. aii+ 1 * 



Which 



C 25 1 

Which fum is to the fum of the fcrics whofc denominators are the 
fame as in this feries, and whofc numerators are each =1, asiiA' + i 
to I.— See Obfervat. pa. 28. 

And by taking r=4, + 1, and a, b each +2 j wc have 

? + ± ? -h 3V ■ ? + ^ See. 

y.* 7 +i. J + 3 .J +4 <7+i.? + a.^+ 4 .? + 5 f + 2.y + 3 .j + 5 .y + 6 

= ■ X + + 9 ? + 4- or = ' X ?~ + 3y + 4 .. . 

^ q.q■\■l.q + ^.q■\■i ’ '' 1. y + 2. 7 + 3 ’ 

according as the figns arc all pofitivc, or alternately pofitive and ne- 
gative. 

Which fum is to the fum of the feries whofe denominators arc the 
fame as in this feries, and whofe numerators are each =1, as 3j* + 9y 
-h4 to I, or as ^*-1-3 ^- 1-4 to i ; according as the figns arc all pofi* 
live, or alternately pofitive and negative. Sec Oljcrvat. pa. 12. 

When m is —k~\, the two laft corollaries coincide with Mr. 
Lorgna’s rules, as far as his rules extend. 

Having fo fully explained the fubjeft which I propofed to difeufs, I 
now fubmit it to the public to determine, whether Mr. Clarke has 
not xoitbeut reafon extolled the produftion of a foreigner; and difingenu- 
oully depreciated the work of our countryman, by imputing (particularly 
in his Preface to Mr. Lorgna’s book) impropriety and narrownefs 
to Mr. Simpson’s method of inveftigation ; and, with refpeft to per- 
fpicuity and generality, giving the preference to Mr. Lorcna’s, which 
is plainly (hewn to be fo embarrafled as to have puzzled not only the 
jiuibor bimftlf, but the Commentator alfo ! 

It may not be improper, before I conclude, to caution Mr. Clarke 
to have a little more regard to propriety ; and not to write in fuch a 
random manner ! With him, every thing of Mr. Lorgna’s is wonder- 
ful! feries are fummed whofe fummation had always been thought 
impolfiblc, though comprehended in a theorem publilhed near forty 

H years 
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ytitrs ago ; proof in a particular cafe, or two,' is general dcmonltn* 
tion i perplexity is perfpicuity ; and aukvvardnefs is elegance 1 

\Ve are told, that he has brought the doftrine of .feries to its greateft 
perfection, and left nothing undone therein that could be expeCted or 
wilhed for ! I wonder what great 'jiork > “ of thofe that aie ftill referved 
“ for the fagacity and furprizing penetration of a Lorgna”!) he will 
next produce ; that may give farther fcope for the employment of his 
friend’s extraordinary talent at book-ektng, or writing notes explana- 
tory and critical. 

The end op the APPENDIX. 



ERRATA.. 

In the Qbftrvatictu. 



Pa. 9 , 1. 5, for 
and for 



j-r.t-j 
1 



, read 



, read 



s — r.t — s 
a'-' 



r~t,s~t ' r — i.s — t 
Pa. 24, 1.15, forr-i.ra^, read r- i.r-z.a‘ ; 

and /or r- i.r. r+i.fl’, read r- i.r- z.r- a*. 
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POSTSCRIPT. 

The value of S may be found by the equation between the two 

t 

values of H at pa. y 7. of my Memoirs, by taking x=zo, and confequently 
u I i though Mr. Clarke, as it feems by pa. 2z. of his Supple- 

ment, could not perceive the poffibility of finding it by fuch means ! 

At pa. 138. of the A;pendix to my Memoirs, the exponents of 2 arc 
printed n, x-i, » — 3 , &c. inftead of 

tcc. fuch miftakes the candid reader will readily correit and excufc. 
Ti is is the error which Mr. Clarke alludes to, in his note pa. 20. 
of his Suppl. leaving the reader to imagine it a very great one 1 

With rclped to what may have been difcovered by John Francis dt 
I'wfi.his de Fagnano and bis Father', I can, with the ftridleft regard to 
truth, avert, that 1 had never, by any means whatever, feen (or heard 
of ) any of their Works before the publication of Mr. Clarke’s Sup~ 
plement : nor have I ever feen any of the Aiia Eriditc- um, or Diarium 
Erudite urn Italia, or the fForks printed at Pefare, mentioned in that 
pamphlet. — Its author therefore may take ihame to himfelf for the 
illiberality of his reflections ! — If I have proved his -want of Jkill, he 
himfelf has proved his want of candatr. 
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